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In this paper, we establish the local existence of the solution and the finite time
blow-up result for the equation
lm q    a  dx , x l , l ,  0.Ž . Ž .Hx x
l
Moreover, it is proved that the solution has global blow-up, and there exist
constants C , C such that1 2
Ž . Ž . 1 q1  1 q1 C T    max  x ,   C T   ,Ž .Ž . Ž .1 1 2 1
 	x  l , l
where T is the blow-up time.  2001 Elsevier Science1
Key Words: degenerate parabolic equation; non-local source; blow-up set; blow-up
rate.
1. INTRODUCTION
Consider a parabolic equation with a non-local source,
lm q    a  dx , x l , l ,  0,Ž . Ž .Hx x
l
 l ,   0,  0,Ž . 1.1Ž .
 	 x , 0  x , x l , l ,Ž . Ž .0
where l 0, a 0, and qm 1.
Ž .We regard 1.1 as degenerate if m 1, which arises, for example, in
the study of the flow of a fluid through a homogeneous isotropic rigid
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Ž  	.porous medium or in studies of population dynamics see 1, 2 . And it has
also been suggested that non-local growth terms present a more realistic
Ž  	.model of a population see 3 .
Over the last few years, many physical phenomena were formulated into
Ž  	 .non-local mathematical models see 48, 11 or their references . Equa-
Ž .tion 1.1 is non-degenerate if m 1, which has been discussed generally
Ž  	.  	by Ph. Souplet see 4, 5 . In 4 Souplet established the local existence-
uniqueness and comparison principle for the non-local semi-linear
parabolic equation in general form as well as the blow-up properties for
the solutions of the equations with several types of non-local source. It was
shown that if q 1 and the initial data are large enough, then  blows up
Ž . Ž  	.in finite time for problem 1.1 see 4, Theorem 3.1 . Furthermore,
Souplet gave the rate and profile of blow-up of solutions for large classes
 	of non-local problems in 5 . He proved that the solution has global
blow-up and that the blow-up rate is uniform in all compact subsets of the
domain. It was shown that the limit
Ž . Ž .1 q1 1 q1 lim T    x ,   lim T    , Ž . Ž . Ž . Ž . 1 1 T T1 1
Ž .1 q1 2 al q 1Ž .
Ž . Ž .converges uniformly on compact subsets of l, l for problem 1.1 in the
Ž  	. case where m 1 see 5, Theorem 2.1 , where T is the blow-up time.1
However, such problems are not well studied for degenerate problems.
 	Our work was motivated by 6 , in which J. R. Anderson and Keng Deng
consider the equation
m n   p1       a  ,Ž .Ž . qx x
 	  4where m, n 0 and p, q
 1. It was shown in 6 that if pmax m, n ,
then the solution  blows up in finite time for some initial data  . But the0
blow-up set and the blow-up rate were not discussed in that paper.
Therefore, we want to undertake such a task in this paper.
Ž .To gain the blow-up properties for problem 1.1 , we need some trans-
1mŽ . Ž .formation to problem 1.1 first. Let   u,  t in 1.1 ; then itm
becomes
lr pu  u u  a u dx , x l , l , t 0,Ž .Ht x xž /l
u l , t  0, t 0,Ž . 1.2Ž .
 	u x , 0  u x , x l , l ,Ž . Ž .0
m 1 q mŽ . Ž .where 0 r  1, p  1, u x  x .0 0m m
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Ž . Ž .  	  	Let 0 T. We set D  l, l  0, T , D  l, l  0, T .T T
As it is now well known that degenerate equations need not possess
classical solutions, we begin by giving a precise definition of a weak
Ž .solution for problem 1.2 . To this end, define the class of ‘‘test functions,’’
2  C D ;  ,   C D  L D ; 
 0;  l , t  0 ,Ž . Ž . Ž . 4Ž .T t x x T T
Ž . 2Ž .where C D , L D denote the continuous and square integrable func-T T
tions in D , respectively.T
Ž .DEFINITION 1.1. A function u x, t defined on D , where T 0, isT
Ž . Ž .called a subsolution or supersolution of 1.2 on D , if all of the followingT
hold:
Ž .1. u L D .T
Ž . Ž . Ž . Ž . Ž . Ž .2. u l, t  
 0 for t 0, T , and u x, 0  
 u x for almost0
Ž .all x l, l .
 	3. For every t 0, T and every ,
1 l 1 r 1ru x , t  x , t  u x  x , 0 dxŽ . Ž . Ž . Ž .H 01 r l
1t l l1 r p 
 u   u  a u dx  dx ds. 1.3Ž . Ž .HH Hs x x½ 51 r0 l l
Ž .A weak solution of 1.2 is a function which is both a subsolution and a
Ž .supersolution of 1.2 .
Ž .Next we give a definition of a classical solution for problem 1.2 .
 Ž 	DEFINITION 1.2. If there exists some T  0, such that for any
 2, 1Ž . Ž . Ž . Ž . Ž .T 0, T , function u x, t  C D  C D and satisfies 1.2 , thenT T
Ž . Ž .   . u x, t is a classical solution of 1.2 on 0, T . If T  then u is a
global solution.
 Ž .In this paper blow-up is meant in the sense that there exists a T  0,
such that
u , t  , for t 0, T and lim sup u , t  .Ž . Ž . Ž . 
tT
 	 Ž .DEFINITION 1.3. A point x  l, l is a blow-up point of u x, t if0
 4 there exists a sequence x , t such that t  T , x  x , andn n n n 0
Ž .lim u x , t  . We call the set of all blow-up points the blow-up set,n n n
Ž . Ž .denoted as S . If S l, l , we say that 1.2 has global blow-up.
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Before stating our main results, we make some assumptions for initial
Ž .data u x as follows:0
Ž . Ž . Ž . Ž . Ž . Ž .H1 u x  0, in l, l , u l  0, u l  0, and u l  0;0 0 0 x 0 x
Ž . Ž . 2 Ž 	.H2 u x  C l, l , for some 0  1;0
Ž . Ž . Ž l p . 	H3 compatibility condition u  aH u dx  0; l0 x x l 0
Ž . l p Ž .H4 u  aH u dx
 0, for x l, l ;0 x x l 0
Ž .  	H5 u  0, for x l, l .0 x x
Ž .Here we give an example which satisfies the above conditions H1 
a l 2Ž . Ž .Ž . Ž ŽH5 , such as c l x l x , where c may be chosen as H l l2
2 . p .1Ž p1.y dy .
Finally, let us state our main results.
Ž . Ž . Ž . Ž . Ž .THEOREM 1. Suppose that u x satisfies H1 , H2 , H3 , H4 , and0
Ž . Ž .H5 . Then 1.2 has global blow-up.
Ž . Ž . Ž . Ž . Ž .THEOREM 2. Suppose that u x satisfies H1 , H2 , H3 , H4 , and0
Ž . Ž . Ž . H5 . u x, t is the classical solution of 1.2 and blows up in finite time T .
Then there exist constants C , C such that1 2
Ž . Ž .1 pr1 1 pr1 C T  t  max u x , t  C T  t 1.4Ž . Ž . Ž . Ž .1 2
 	x l , l
as t T.
This paper is organized as follows. In Section 2, we state the local
Ž .existence-uniqueness and comparison theorem for problem 1.2 in the
sense of a weak solution and prove that the solution is a classical one by
Ž .adding some assumptions on u x . The results of global existence and0
finite-time blow-up are shown in Section 3. In Section 4, we prove that
Ž .1.2 has global blow-up and give the estimate of the rate of blow-up. We
also give the proof of local existence-uniqueness and a comparison theo-
rem for the non-degenerate problem in the Appendix.
2. LOCAL EXISTENCE-UNIQUENESS
In this section, we develop local existence-uniqueness for weak solutions
Ž .of problem 1.2 first. To prove the existence of a local weak solution for
Ž .  41.2 , we introduce the sequence u first, where u is the solution ofk k1 k
lr pu  u u  a u dx , x l , l , t 0,Ž .Ht x xž /l
u l , t  1k , t 0,Ž . 2.1Ž .
 	u x , 0  u x  1k , x l , l .Ž . Ž .0
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Ž .Here a weak solution of 2.1 is defined in a manner similar to that for
Ž . Ž .problem 1.2 ; only the equation 1.3 may be replaced with
1 r1 1l 1 ru x , t  x , t  u x   x , 0 dxŽ . Ž . Ž . Ž .H 0ž /1 r kl
1t l l1 r p u   u  a u dx  dx dsHH Hs x x½ 51 r0 l l
1 t
  l , s   l , s ds. 2.2Ž . Ž . Ž .Ž .H x xk 0
 	For each k, we will use the method in 6 to prove the existence of a local
Ž .solution of 2.1 for some T  0. Consider the problemk
w  w r w  ab , x , t D ,Ž .Ž .t x x j Tk
w l , t  1k , t 0, T ,Ž . Ž .k k , jAŽ .Tk
 	w x , 0  u x  1k , x l , l ,Ž . Ž .0
Ž . l p Ž . Ž . Ž .where b t  H w x, t dx for j 2, 3, . . . , and w x, t  w xj l k , j1 k , 1 k , 1
Ž 	.is chosen to satisfy w 
 0, w  C l, l , andk , 1 k , 1
l lp pu x  1 dx w x dx . 2.3Ž . Ž . Ž .Ž .H H0 k , 1
l l
Ž k , j.Here, a solution of A , w , is understood in the same manner as thatT k , jk
Ž . Ž k , j. Ž .for 2.1 . A solution of A may be defined as a function, w x, t , k , j
Ž k , j.which is a solution of A for every T  0. The next lemma addressesT kk
Ž .the existence of the limit lim w x, t .j k , j
Ž k , j.LEMMA 2.1. For each j 2, 3, . . . , there exists a solution of A which
is denoted by w . Moreoer, there exists a monotone increasing sequencek , j
 4 Ž . Ž .T such that 0 w  w in l, l  0, T .k , j j2 k , j1 k , j k , j
 	The proof is similar to 6 ; we omit it. Due to the above lemma, the limit
T  lim Tk k , j
j
exists, and, as well, the point-wise limit
u x , t  lim w x , tŽ . Ž .k k , j
j
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Ž .exists for x, t D . Furthermore, as the convergence of the sequence isTK
monotone, passage to the limit j  in the identity
1 r1 1l 1 rw x , t  x , t  u x   x , 0 dxŽ . Ž . Ž . Ž .H k , j 0ž /1 r kl
1t l l1 r p w   w   a w dx  dx dsHH Hk , j s k , j x x k , j½ 51 r0 l l
1 t
  l , s   l , s dsŽ . Ž .Ž .H x xk 0
is justified by monotone and dominated convergence theorems for any
 	 Ž . and t 0, T . Then, it follows that u x, t is a weak solution ofk k
Ž .  	2.1 on 0, T .k
To prove the monotonicity of u about k, we need a maximum principle,k
Ž  	which can be concluded by the following lemma see Lemma 1 in 7 or
 	.Lemma 2.1 in 8 .
2, 1Ž . Ž . Ž .LEMMA 2.2. Suppose that w x, t  C D  C D and satisfiesT T
w  d x , t w 
 c x , t w c x , tŽ . Ž . Ž .t x x 1 3
l
 c x , t w x , t dx , x , t D ,Ž . Ž . Ž .H 2 T
l
w l , t 
 0, t 0, T ,Ž . Ž
w x , 0 
 0, x l , l ,Ž . Ž .
Ž . Ž . Ž . Ž .where c x, t , c x, t , c x, t are bounded functions and c x, t 
 0,1 2 3 2
Ž . Ž . Ž .c x, t 
 0, d x, t  0 in D . Then w x, t 
 0 on D .3 T T
Ž . 2ŽŽ ..According to Lemma 2.1, we know that if u x  C l, l 0
Ž 	. Ž . Ž . Ž .C l, l , u x 
 0, and u l  0, then u x, t is a classical solution0 0 k
Ž . Ž  	  	.of 2.1 see Theorem A.1 in 9 and Theorem 9 in 10, p. 69 . Thus, by
Lemma 2.2, comes the conclusion
Ž . 2ŽŽ .. Ž 	. Ž .LEMMA 2.3. Suppose that u x  C l, l  C l, l , u x 
 0,0 0
2, 1Ž . Ž . Ž . Ž .and u l  0. u x, t  C D  C D is a classical solution of0 k T Tk k
1 2, 1Ž . Ž . Ž . Ž .2.1 . Function w x, t 
 , in C D  C D , and satisfiesT Tk k k
lr pw 
  w w  a w dx , x , t D ,Ž . Ž .Ht x x Tkž /l
w l , t 
  1k , t 0, T ,Ž . Ž . Ž k
w x , 0 
  u x  1k , x l , l .Ž . Ž . Ž . Ž .0
Ž . Ž . Ž .Then w x, t 
  u x, t on D .k Tk
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Ž .Now, replace u with u , which is a smooth approximation of u x ,0 0 i 0
Ž . Ž .with supp u  l, l , in 2.1 , and denote the corresponding solution by0 i
i Ž . iu x, t and the maximal existence time by T . Then, by Lemma 2.2 andk k
Lemma 2.3, we have
i Ž . i Ž . i iLEMMA 2.4. If k 
 k , then u x, t 
 u x, t and T  T .2 1 k k k k1 2 1 2
Ž . Ž .Then, passing to the limit i , it happens that u x, t 
 u x, t andk k1 2
T  T if k 
 k .k k 2 11 2
Therefore, the limit
T  lim Tk
k
exists, and, as well, the point-wise limit
u x , t  lim u x , t 2.4Ž . Ž . Ž .k
k
Ž . exists for x, t D . Furthermore, as the convergence of the sequence isT
monotone, passage to the limit k  in the identity
1 r1 1l 1 ru x , t  x , t  u x   x , 0 dxŽ . Ž . Ž . Ž .H k 0ž /1 r kl
1t l l1 r p u   u   a u dx  dx dsHH Hk s k x x k½ 51 r0 l l
1 t
  l , s   l , s dsŽ . Ž .Ž .H x xk 0
is also justified by monotone and dominated convergence theorems for any
  . and t 0, T . Then the following theorem is thus established.
ŽŽ .. THEOREM 2.1. Gien u 
 0, u  L l, l , there is some T 0 0
 Ž . Ž .T u  0 such that there exists a non-negatie weak solution, u x, t 0
Ž . Ž .  u x, t; u , of 1.2 for each T T . Furthermore, either T   or0
lim sup u , t  .Ž . 
tT
Ž Ž ..Remark. For the case 0m 1 or r 0 in 1.2 , we can verify the
same conclusion as Theorem 2.1 by a similar discussion.
Ž .To prove the uniqueness of the above weak solution for 1.2 , we give a
Ž  	.comparison theorem, which is standard for details, see 9, 13 .
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Ž .THEOREM 2.2. Let u, u be a non-negatie weak subsolution and aˆ
Ž . Ž .non-negatie weak supersolution of 1.2 , respectiely. Then u u if uˆ ˆ0
 u .0
Thus we have the following uniqueness theorem.
THEOREM 2.3. The non-negatie weak solution in the sense of Definition
Ž .1.1 of problem 1.2 is unique.
Ž .In the next part of this section, we prove that the weak solution u x, t
Ž . Ž .of 1.2 is a classical solution by adding some assumptions on u x . By the0
Ž . 2ŽŽ .. Ž 	. Ž .above discussion, we know that if u x  C l, l  C l, l , u x0 0
Ž . Ž . Ž . Ž .
 0, and u l  0, then u x, t is a classical solution of 1.2 in 0, T .0 k k
Ž  	.And, by the interior estimates see 10, Theorem 5, p. 64 , we also have, in
any compact subset Q of D ,Tk
  2u M , 2.5Ž .C ŽQ .k
where 0  1 and M depends on 1k r, u , Q,  .0
Ž . Ž .To prove u x, t defined by 2.4 is a classical solution, we first give a
common lower bound for all T .k
Ž . 2ŽŽ .. Ž 	. Ž .LEMMA 2.5. Suppose that u x  C l, l  C l, l , u x 
 0,0 0
Ž . Ž .and u l  0. Then there exist T and a priori bound H t depending only0 0
Ž .on u and p r such that for all k
 1 there exists a solution u of 2.1 on0 k
Ž .D with u H t .T k0
Proof. We consider the following ordinary differential equation:
p rH t  2 al H t ,Ž . Ž .Ž .
2.6Ž .
H 0  max u x  1 .Ž . Ž .Ž .0
 	x l , l
Ž .It is obvious that there exists T  0 such that 2.6 has a solution0
Ž .  	 Ž . Ž .H t 
 1 on 0, T , and H t is non-decreasing. Substituting H t into0
Ž .2.1 gives
l r pH t H t H t  a H t dx  0Ž . Ž . Ž . Ž .Hx xž /l
with the initial-boundary points such that
H 0 
 u x  1 and H t 
 1.Ž . Ž . Ž .0
Ž . Ž . Ž .Thus, by Lemma 2.3, we may conclude that u x, t H t H T . Thisk 0
means T 
 T for all k
 1.k 0
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Ž . Ž .There remains the task of proving u x, t  u x, t uniformly with thek
derivatives u , u in compact subsets of D . The following lemma givesk t k x x T0
Ž .a uniform lower bound to the solution u of problem 2.1 .k
Ž . 2ŽŽ .. Ž 	.LEMMA 2.6. Suppose that u x  C l, l  C l, l and satisfies0
	
 tŽ . Ž .H1 . Let  x, t  he cos x
 0, where h 0 small enough such that2 l
	 	 2 rŽ . Ž . Ž .h cos x u x , and 
 h 1 . Then for all k
 1, the solution of02 l 2 l
Ž . Ž .2.1 on D satisfies u 
  x, t .T k0
1Ž . Ž .Proof. Substituting  x, t  into 2.1 givesk
r r p1 1 1l
      a  dxHt x xž / ž / ž /k k kl
r2	 	 	 1

 t 
 the cos x 
 he cos xž / ž /ž /2 l 2 l 2 l k
r2	 	 	 1r
 t 
 th e cos x h 1  he cos x  0Ž .ž / ž /ž /2 l 2 l 2 l k
with the initial-boundary points such that
1 	 1
 x , 0   h cos x  u x  1k andŽ . Ž .0k 2 l k
1
 l , t   1k ,Ž .
k
Ž . Ž .where h can be chosen by H1 . Then we may conclude that u 
  x, t k
1 Ž . Ž .
  x, t , x, t  D by Lemma 2.3.Tk 0
By Lemma 2.5 and Lemma 2.6, we have the following conclusion.
Ž . 2ŽŽ .. Ž 	.LEMMA 2.7. Suppose that u x  C l, l  C l, l and satisfies0
Ž . Ž . Ž . Ž .H1 . Then the function u x, t defined by 2.4 is a classical solution of 1.2
 	 Ž . Ž . Ž . Ž .in l, l  0, T with  x, t  u x, t H t .0
2, 1 Ž . Ž .Proof. It is required to prove that u is in C on l, l  0, T and0
 	  . Ž . Ž . Ž .continuous on l, l  0, T . Choose a point x , t  l, l  0, T .0 1 1 0
Ž . Ž .Then select a domain Q a , a  0, t such that1 2 2
l a  x  a  l and 0 t  t  T .1 1 2 1 2 0
Ž .Let C  inf  x, t . By Lemma 2.6, we have u 
 C  0 in Q,0 Ž x, t .Q k 0
Ž . r rthen u 
 C . It follows thatk 0
	 	 2 u MC ŽQ .k
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Ž .  rby 2.5 , where M depends only on C , u ,  , Q, not of k. Now an appeal0 0
2 Ž . to the AscoliArzela Theorem shows that u C Q , 0    , with´
	 	 2  u M .C ŽQ .
2, 1 Ž . Ž .This shows that u is in C at x , t and is continuous at x , 0 .1 1 1
Ž . Ž .Since 0 lim u x, t  lim u x, t  1k, then u is continuousx l x l k
 .  4  .on 0, T  l by the arbitrary of k. Similarly u is continuous on 0, T 0 0
 4l .
Ž . Ž . Ž .It is clear that  x, t  u x, t H t by Lemma 2.5 and Lemma
2.6.
Let T be the supremum over T for which there is a classical solution0
Ž .  .of problem 1.2 on 0, T . Then, we have0
Ž . 2ŽŽ .. Ž 	.THEOREM 2.4. Suppose that u x  C l, l  C l, l and satis-0
Ž . Ž . Ž .fies H1 . Then problem 2.1 has a unique classical solution u x, t on
  . 0, T . Furthermore, either T   or
lim sup u , t  .Ž . 
tT
3. GLOBAL EXISTENCE AND BLOW-UP IN FINITE TIME
Ž . Ž .In the next part, we need the assumptions that u x, t , u x, t arek t k x x
2, 1Ž . Ž .continuous on the boundary. Namely, u x, t should be in C D . But itk T
is not clear whether the assumptions are true by the discussion of Section
Ž2 it may be due to the method we use, in which we ignore the compatibil-
Ž ..ity condition H3 . To overcome this, we use another regularized method.
Consider the problems
lr pu  u   u  a u dx , x l , l , t 0,Ž . Ž .H t   x x ž /l
u l , t  0, t 0,Ž .
3.1Ž .
u x , 0  u x , x l , l ,Ž . Ž . Ž . 0
Ž . Ž . Ž .where 0  1. By the assumptions H1 , H2 , and H3 and Theorem
Ž .A.1 in the Appendix we know that 3.1 has a non-negative solution
 2Ž . Ž . Ž .u x, t  C D for any T 0, T , where T is the maximal exis- T  
tence time of u .
Similar to Lemma 2.5, by considering the ordinary differential equation
p rH t  2 al H t  1 ,Ž . Ž .Ž .
3.2Ž .
H 0  max u x ,Ž . Ž .0
 	x l , l
we give a common lower bound for all T.
DEGENERATE NON-LOCAL PROBLEM 587
Ž . Ž . Ž . Ž .LEMMA 3.1. Suppose that u x satisfies H1 , H2 , and H3 . Then0
Ž .there exist T and a priori bound H t depending only on u and p r such0 0
Ž . Ž .that for all  0, 1 there exists a solution u of 3.1 on D with T0
Ž .u H t .
Similar to Lemma 2.6, we also give a uniform lower bound to the
Ž .solution u of problem 3.1 .
Ž . Ž . Ž . Ž . Ž .LEMMA 3.2. Suppose u x satisfies H1 , H2 , and H3 . Let  x, t 0
	 	
 t Ž .ke cos x
 0, where k 0 small enough such that k cos x u x ,02 l 2 l
	 2 rŽ . Ž . Ž . Ž .and 
 k 1 . Then for all  0, 1 , the solution of 3.1 on DT2 l 0
Ž .satisfies u 
  x, t .
To prove that u has the monotonicity with respect to  , we need the
following conclusion.
Ž . Ž . Ž . Ž . Ž .LEMMA 3.3. Suppose that u x satisfies H1 , H2 , H3 , and H4 , and0
Ž . Ž .u x, t is a classical solution of 3.1 on D . Then u 
 0 on D . T  t T0 0
Ž .Proof. Let w u . Differentiating 3.1 with respect to t gives t
lr r1 pw  u   w  r u   u  a u dx wŽ . Ž . Ht  x x   x x ž /l
lr p1 ap u   u w dx . 3.3Ž . Ž .H 
l
Ž . Ž .By H1 and H4 , we have
lr pw x , 0  u x , 0  u   u  a u dx 
 0.Ž . Ž . Ž . H t 0 0 x x 0ž /l
Ž . Ž . Ž .In view of w l, t  u l, t  0, it follows that w x, t 
 0 for any t
Ž .x, t  D by Lemma 2.2. That is, u 
 0.T  t0
Then, by Theorem A.2 in the Appendix, we have the following result of
monotonicity.
Ž . Ž .LEMMA 3.4. Let 1     0 and suppose that u x satisfies H1 ,1 2 0
Ž . Ž . Ž . Ž .H2 , H3 , and H4 , and u and u are solutions of 3.1 on D . Then  T1 2 0
u 
 u on D .  T1 2 0
According to Lemma 3.1, Lemma 3.2, and Lemma 3.4, we know that u
is monotone with respect to  on D and is bounded from below andT0
above. So the point-wise limit
u x , t  lim u x , t x , t  D 3.4Ž . Ž . Ž . Ž . T00
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Ž . Žexists for x, t  D . Similar to Lemma 2.7, we can show that u x, tT0
Ž . Ž .  .defined by 3.4 is a classical solution of 1.2 on 0, T . Furthermore, by0
Ž .the uniqueness of the solution of problem 1.2 , we can get the same
conclusion as Theorem 2.4.
According to Theorem 2.4 and Lemma 3.3 we have the following
conclusion.
Ž . Ž . Ž . Ž . Ž .LEMMA 3.5. Suppose that u x satisfies H1 , H2 , H3 , and H4 .0
Ž . Ž .Then the classical solution u x, t of 1.2 satisfies u 
 0 in any compactt
Ž . Ž  .subsets of l, l  0, T .
In the next considerations, we need the first eigenvalue of the Dirichlet
problem,
  
  , x l , l ;  l  0. 3.5Ž . Ž . Ž .x x 1
Denote the first eigenvalue by 
  0 and the corresponding eigenfunction1
Ž . Ž . Ž . Ž .by  x , with the normalization  x  0 in l, l and max  x  1.Žl, l .
Ž . Ž . Ž . Ž . Ž .THEOREM 3.1. Suppose that u x satisfies H1 , H2 , H3 , and H4 .0
Then
Ž .1. 1.2 has a global solution if a is small enough.
Ž .2. The solution of 1.2 blows up in finite time if
l1p1

  2 al a  dx 3.6Ž . Ž .H1
l
and a is sufficiently large that aH l u p dx
 1.l 0
Ž . Ž . Ž .Ž .Proof. 1 Let w x  l x l x 2. Consider the function Kw,
Ž . Ž .where K 0 is chosen to satisfy Kw x 
 u x . It is obvious that we can0
choose a small enough such that
lr p pKw  Kw Kw  aK w dxŽ . Ž . Ht x xž /l
lr p1 p Kw K 1 K a w dx 
 0.Ž . Hž /l
Ž . Ž .Then Kw is a supersolution of 1.2 , which means that 1.2 has a global
solution.
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Ž . Ž .2 Next we shall prove that the solution of 1.2 blows up in finite
Ž . l 1rtime. Set G t  H u  dx; thenl
1 l l l pG t  u  dx a u dx  dxŽ . H H Hx x1 r l l l
l l lp
 u dx a u dx  dxH H H1
l l l
1p 11p
l l1 p p pŽ p1.

 a a u dx  dxH H1 ž / ž /l l
l lp a u dx  dxH H
l l
1p
l l l11p1 p p p

 a 2 l a u dx  a u dx  dx .Ž . H H H1 ž /l l l
3.7Ž .
By Lemma 3.5, it follows that u 
 0. Then we have aH l u p dx
 1 byt l
l p Ž l p .1 p l paH u dx
 1. It follows that aH u dx  aH u dx by p 1.l 0 l l
Ž . 1 pŽ .11 p lFurthermore, by 3.6 , we have 
 a 2 l  H  dx
  0;1 l
then
1 l pG t 
 a u dxŽ . H1 r l
Ž . Ž . Ž .p 1r pr1  1r
l l1 r pŽ pr1.
 a u  dx  dxH Hž / ž /l l
Ž . Ž . pr1  1r pŽ1r . pŽ1r .
 a 2 l G   G ;Ž . 1
that is,
1pŽ1r .G   1 r p , 3.8Ž . Ž . Ž .1
Ž .Ž pr1.Ž1r . Ž . Ž .where   a 2 l . Integrating 3.8 over 0, t , we have1
1
1pŽ1r .t G 0Ž .
 p r 1Ž .1
Ž . Ž . pr1  1r1 1 l 1r u  dx  T .H 0 sa p r 1 2 lŽ . l
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 Ž .It follows that T  by H1 and  0. That is to say, u blows up ins
finite time. And T is an upper bound of the blow-up time.s
4. BLOW-UP SET AND BLOW-UP RATE
Ž . Ž .In the next part, we assume that the solution u x, t of 1.2 blows up in
finite time and the blow-up time is T.
Ž . Ž . Ž . Ž . Ž .LEMMA 4.1. Suppose that u x satisfies H1 , H2 , H3 , H4 , and0
Ž . Ž .   .H5 . Then u  0 in any compact subsets of l, l  0, T .x x
Ž .Proof. Let w u . According to 3.1 , we have x x
r r1w  u   w  2 r u   u wŽ . Ž .t  x x   x x
lr1 p r u   u  a u dx wŽ . H  x x ž /l
lr2 2p r r 1 u   u  a u dx uŽ . Ž . Ž .H  x x   xž /l
r r1 1 u   w  2 r u   u w  r u   u wŽ . Ž . Ž . x x   x x   t
2 2 r r 1 u   u u . 4.1Ž . Ž . Ž . Ž .  t  x
In view of u , u 
 0 and r 1, we have  t
r r1 1w  u   w  2 r u   u w  r u   u w. 4.2Ž . Ž . Ž . Ž .t  x x   x x   t
Ž . l p Ž .And we may conclude that w l, t aH u dx 0 by u l, t  0l   t
Ž . Ž .and that w x, 0  0 by H5 . It follows that w 0 by maximum principle,
which means u  0. Thus, by Theorem 2.4, we conclude the result. x x
According to Lemma 4.1, we give the proof of Theorem 1.
Ž .Proof of Theorem 1. Let x  l, l be a blow-up point. Namely, there0
 4  Žexists a sequence x , t , such that t  T , x  x , and lim u x ,n n n n 0 n n
. Ž .t . It is obvious that for any point y x , l , there exists  andn 0
Ž .0  1 such that y 1  l  x . Defining the sequence y 0 n
Ž .1  l  x , it follows that lim y  y. By Lemma 4.1 we haven n n
u y , t  u 1  l  x , t 
 1  u l , t  u x , t ,Ž . Ž . Ž . Ž . Ž .Ž .n n n n n n n
4.3Ž .
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which means y is a blow-up point. Similarly we may prove that any
Ž .x l, x is a blow-up point also. That is to say, u blows up globally in0
Ž .l, l .
Ž . Ž . Ž  	.Set U t max u x, t see 12 . The next lemma gives the lowerxl, l 	
bound of the rate of blow-up.
Ž . Ž . Ž . Ž . Ž .LEMMA 4.2. Suppose that u x satisfies H1 , H2 , H3 , H4 , and0
Ž . Ž . Ž  .1Ž pr1.H5 . Then there exists a constant C such that U t 
 C T  t .1 1
Ž .Proof. By Eq. 1.2 we have
lr p rpU U a u x , t dx 2 alU t , 4.4Ž . Ž . Ž .Ht
l
and then
U 1pr 
 2 al 1 p r . 4.5Ž . Ž . Ž .t
Ž . Ž  .Integrating 4.5 over t, T , we obtain
Ž . Ž .1 pr1 1 pr1U t 
 2 al p r 1 T  t . 4.6Ž . Ž . Ž . Ž .
1Ž pr1. Ž .	Setting C  2 al p r 1 yields the conclusion.1
Ž . Ž . Ž . Ž . Ž .LEMMA 4.3. Suppose that u x satisfies H1 , H2 , H3 , H4 , and0
Ž . Ž . Ž  .1Ž pr1.H5 . Then there exists a constant C such that U t  C T  t2 2
as t T.
Proof. We set the function
1 l p1rF t  u dx . 4.7Ž . Ž .Hp 1 r l
Ž .Taking the derivative of F t with respect to t, we obtain
l l l pr p pF t  u u dx u u  a u dx dx ,Ž . H H Ht x xž /l l l
l l
 p1 pF t  pu u u  a u dx dxŽ . H Ht x xž /l l
l lp p1 u u  ap u u dx dxH Hx x t tž /l l 4.8Ž .
l l l2pr1 p p1 p u u dx ap u dx u u dxŽ .H H Ht t
l l l
l p u u dx .H x x t
l
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Integrating by parts, we have
l l lp p2 2 p1u u dx p p 1 u u u dx pu u u dxŽ .H H Hx x t x t x x t
l l l
l p2 2 p p 1 u u u dxŽ .H x t
l
l lp1 r p pu u u u  a u dx dxH Ht tž /l l
l l 2p2 2 pr1 p p 1 u u u dx p u u dxŽ . Ž .H Hx t t
l l
l lp p1 ap u dx u u dx .H H t
l l
Ž .Thus, by 4.8 and the fact that u, u 
 0 and p 1, we havet
l l2 2
 pr1 p2F t  2 p u u dx p p 1 u u u dxŽ . Ž . Ž . Ž .H Ht x t
l l
l 2pr1
 2 p u u dx . 4.9Ž . Ž .H t
l
Then
2
l2 Ž p1r .2 Ž p1r .2F t  u  u u dxŽ .Ž . H t
l
l l 2p1r p1r u dx  u u dxŽ .H H t
l l
p 1 r

 FF .
2 p
Therefore,

Ž pr1.Ž p1r .FŽ .
p r 1
2 pŽ p1r .  F Fž /p 1 r
p r 1 2 p 2 
2 pŽ p1r .1 2 pŽ p1r . F F  F FŽ .
p 1 r p 1 r
p r 1 2 p p 1 r2 
2 pŽ p1r .1 F F  FFŽ .
p 1 r p 1 r 2 p
 0,
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which means
 Ž pr1.Ž p1r . Ž pr1.Ž p1r .F t  F t C. 4.10Ž . Ž . Ž .Ž . Ž . t0
Ž .According to p 1 r and F t  0 it follows that C 0. Integrating
Ž . Ž  .4.10 over t, T , we obtain
FŽ pr1.Ž p1r . t 
 C T t ;Ž . Ž .
that is,
Ž . Ž . p1r  pr1F t  C T  t , 4.11Ž . Ž . Ž .Ž .
Ž .assuming that in time t, u attains a maximum at a point x  l, l ,0
Ž . Ž .  Ž . 	namely, u x , t U t , t T . Then for any x l x 2, x , there0 0 0
1 Ž .Ž .exists  and   1 such that x  x  1  l . From Lemma02
4.1 it follows that
u x , t  u  x  1  l , t 
 u x , t  1  u l , tŽ . Ž . Ž . Ž . Ž . Ž .Ž .0 0
1
 U t .Ž .2
1Ž . Ž .  Ž . 	Similarly we have u y, t 
 U t for any y x , l x 2 . Then0 02
p1r1 1Ž .lx 20 p1rF t 
 U t dx C U t ,Ž . Ž . Ž .H 3ž /p 1 r 2Ž .lx 20
l 1 p1rŽ . Ž .where C  . Thus, by 4.11 , we obtain3 p 1 r 2
Ž . Ž . p1r  pr1p1rC U t  C T  t ;Ž . Ž .Ž .3
that is,
Ž .1 pr1U t  C T  t , 4.12Ž . Ž . Ž .2
1Ž pr1. 1Ž p1r .where C  C C .2 3
From Lemma 4.2 and Lemma 4.3 we get the conclusion of Theorem 2.
m 1 q mŽ . Ž .For problem 1.1 , letting r , p , tm , u in 1.4 , wem m
have
Ž . Ž .1 q1 1 q1  C T    max  x ,   C T   , 4.13Ž . Ž . Ž . Ž .1 1 2 1
 	x l , l
   1 1m 1Žq1. 1m 1Žq1.where C  C m and C  C m , and T  T is1 1 2 2 1 m
the blow-up time.
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Ž .APPENDIX: LOCAL THEORY FOR PROBLEM 3.1
Here we give the local existence-uniqueness and comparison principle
Ž .for problem 3.1 . The denotations of function spaces are the same as
 	in 4 .
Ž . Ž . Ž . Ž .THEOREM A.1. Suppose that u x satisfies H1 , H2 , and H3 . Then0
Ž .  	there exists a maximal in time function u x, t 
 0, defined on l, l 
  .  Ž 	 Ž  .0, T for some T  0, , such that for all T 0, T , u 
2 Ž . Ž .C D , and u is a unique classical solution of 3.1 .T 
Proof. It can be proved in much the same way as in 10, Theorem 8, p.
	 Ž  	.204 or see the proof of Theorem A.1 in 4 . However, the result here is
proved for the quasi-linear case with a non-local source. Therefore, we
Žgive the proof for the sake of completeness. Let 0 T 1 and M 0 to
.be fixed later , and consider the set C such thatM
1 1	 	C      C D ,  M ,  
 0,  , 0  u ,Ž .Ž . C Ž .M T D 0T
	 l , t  0 . A.1Ž . Ž .4tT
Let   C . Consider the linear problemM
lr r pw     w  a     dx , x , t D ,Ž . Ž . Ž .Ht x x T
l
w l , t  0, t 0, T ,Ž . Ž A.2Ž .
w x , 0  u x , x l , l .Ž . Ž . Ž .0
Ž . Ž . r Ž . Ž . r l pDenote b x, t     , f x, t  a    H  dx. Since  
 0,  0l
Ž . Ž .  Ž . Ž . rand p 1, r 0, we have b x, t , f x, t  C and b x, t 
   0,
	 	 Ž . Ž .b  C r, M , where C r, M presents a constant which dependsC Ž D .T
Ž . Ž . Ž .only on r and M. By H1 , H2 , and H3 , the existence and uniqueness of
2 	 Ž .w follow from 10, Theorem 7, p. 65 , and w C D satisfiesT
2 2 	 	 	 	 	 	w  K u  f , A.3Ž .Ž .C Ž C Žl , l 	. C Ž. .D 1 0 DT T
rŽ . Ž . Ž where K depends only on  , C r, M ,  , and D see 10, Theorem 6,1 T
	.p. 65 . Thus we can define a transformation Z on C , and w Z is theM
Ž .unique solution of A.2 . We shall prove that Z admits a fixed point by
employing the Schauder fixed-point theorem.
Ž .We first claim that Z maps C into itself if T is small. Let W x, t M
Ž . Ž . Ž .w x, t  u x . By A.2 , we obtain0
r
W     W  g x , t x , t DŽ . Ž . Ž .t x x T
W l , t  0 t 0, TŽ . Ž A.4Ž .
W x , 0  0 x l , l ,Ž . Ž .
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Ž . Ž . r Ž . r l p Ž .where g x, t     u  a    H  dx. From H3 it follows0 x x l
Ž .  	 Ž that g l, 0  0. Thus, by the conclusion of Lemma A.7 in 4 or see 10,
Ž . 	.Theorem 4, p. 191 and formula 3.23 , p. 200 , we obtain

1 1	 	 	 	w  u  K T g x , t A.5Ž . Ž .Ž .Ž .L DC Ž C Žl , l 	..D 0 2 TT
for all 0  1, where  depends only on  , and K is a constant that2
Ž . r Ž .depends only on  , l,  and C r, M . Denote
lr r p 1	 	K  sup   1 u  a   1  dx ;  M ,Ž . Ž . H C Ž .M 0 x x D½ 51Ž .L Dl 1
Ž . Ž 	 	 Žwhere D  l, l  0, 1 . From  1 and T 1, it follows that g x,1
. 	  Ž .t  K . By A.5 , we haveL Ž D . MT
1  1	 	 	 	w  u  K T K . A.6Ž .C Ž C Žl , l 	..D 0 2 MT
Now, choosing
1
1	 	M 1 u and Tmin 1, K KŽ . 4C Žl , l 	.0 2 M
1Ž . 	 	with   in formula A.6 , it follows that w M. And we mayC Ž D .T
conclude that w
 0 by maximum principle. Then w C .M
Ž . Ž .Applying formula A.6 for some   , 1 , by the result that a bounded
1 1Ž . Ž .subset of C D is a pre-compact subset of C D , it follows thatT T
Ž . Ž .Z C is pre-compact by A.6 .M
To prove the continuity of Z, assume that   C ,   C are suchn M M
1 Ž .that    in C D as n . Then the function z  w  wn T n n
Z  Z satisfiesn
lr r1 pz     z  r w  a  dx  Ž . Ž .Hnt n x x n n x x n nž /l
lr p1    ap    dxŽ . Ž .H n n
l
Ž .with null initial and boundary conditions by A.2 and the mean value
Ž .theorem, where  
  ,  
 0. Similar to A.5 , we haven n
l
 r1 p1 	 	z  K T r w  a  dx  Ž .C Ž H.n D 3 n n x x n nT ž /ž l
lr p1    ap    dx  0Ž . Ž .H n n /Ž .l L DT
as n 
for all 0  1. It follows that Z is a continuous map.
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1 Ž .Since C is a closed convex set of the Banach space C D , by theM T
previous properties and Schauder’s fixed-point theorem, there exists a
Ž .fixed point u of the map Z, which is a solution of 3.1 .
The uniqueness follows from standard comparison argument by Theo-
rem A.2.
Finally, we can extend u to the maximal existence time T by the
Ž  	.continuation theorem see the proof of Theorem A.2 in 4 .
Ž . Ž .THEOREM A.2 Comparison Principle . Assume that u x, t 
2, 1Ž . Ž . Ž .C D  C D is a nonnegatie solution of 3.1 and a nonnegatieT T
2, 1Ž . Ž . Ž .function of w x, t  C D  C D , and satisfiesT T
lr pw 
  w  w  a w dx x , t DŽ . Ž . Ž .Ht x x Tž /l
w l , t 
  0 t 0, TŽ . Ž . Ž A.7Ž .
w x , 0 
  u x x l , l .Ž . Ž . Ž . Ž .0
Ž . Ž . Ž .Then w x, t 
  u x, t on D . T
Ž . Ž . Ž .Proof. We only consider the case ‘‘
 .’’ Let z x, t  w x, t  u x, t .
Ž . Ž .Subtracting 2.1 from A.7 and using the mean value theorem, we obtain
lr r1 pz  u   z 
 r w  a w dx zŽ . Ht  x x x xž /l
lr p1 u   ap  z dxŽ . H
l
with the initial-boundary points such that
z x , 0 
 0 and z l , t 
 0,Ž . Ž .
Ž . Ž .where 
  , 
 0. It follows that w x, t 
 u x, t by Lemma 2.2.
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